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Abstract
Present knowledge about the nature of spacetime singularities in
the context of classical general relativity is surveyed. The status of
the BKL picture of cosmological singularities and its relevance to the
cosmic censorship hypothesis are discussed. It is shown how insights
on cosmic censorship also arise in connection with the idea of weak
null singularities inside black holes. Other topics covered include mat-
ter singularities and critical collapse. Remarks are made on possible
future directions in research on spacetime singularities.
1 Introduction
The issue of spacetime singularities arose very early in the history of general
relativity and it seems that Einstein himself had an ambiguous relationship
to singularities. A useful source of information on the confusion surrounding
the subject in the first half century of general relativity is [28]. The present
article is a survey of the understanding we have of spacetime singularities
today.
Before concentrating on general relativity, it is useful to think more gener-
ally about the concept of a singularity in a physical theory. In the following
the emphasis is on classical field theories although some of the discussion
may be of relevance to quantum theory as well. When a physical system is
modelled within a classical field theory, solutions of the field equations are
considered. If it happens that at some time physically relevant quantities
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become infinite at some point of space then we say that there is a singularity.
Since the physical theory ceases to make sense when basic quantities become
infinite a singularity is a sign that the theory has been applied beyond its
domain of validity. To get a better description a theory of wider applicability
should be used. Note that the occurrence of singularities does not say that
a theory is bad - it only sets limits on the domain of physical phenomena
where it can be applied.
In fact almost any field theory allows solutions with singularities if at-
tention is not restricted to those solutions which are likely to be physically
relevant. In this context a useful criterion is provided by the specification of
solutions by initial data. This means that we only consider solutions which
have the property that there is some time at which they contain no singular-
ities. Then any singularities which occur must be the result of a dynamical
evolution. With this motivation, singularities will be discussed in the follow-
ing in the context of the initial value problem. Only those singularities are
considered which develop from regular initial configurations. This has the
consequence that linear field theories, such as source-free Maxwell theory, are
free of singularities.
In the case of the Einstein equations, the basic equations of general rel-
ativity, the notion of singularity becomes more complicated due to the fol-
lowing fact. A solution of the Einstein equations consists not just of the
spacetime metric, which describes the gravitational field and the geometry
of spacetime, but also the spacetime manifold on which the metric is defined.
In the case of a field theory in Newtonian physics or special relativity we can
say that a solution becomes singular at certain points of spacetime, where
the basic physical quantities are not defined. Each of these points can be
called a singularity. On the other hand, a singularity in general relativity
cannot be a point of spacetime, since by definition the spacetime structure
would not be defined there.
In general relativity the wordline of a free particle is described by a curve
in spacetime which is a timelike or null geodesic, for a massive or massless
particle respectively. There is also a natural class of time parameters along
such a geodesic which, in the timelike case, coincide up to a choice of origin
and a rescaling with the proper time in the rest frame of the particle. If the
worldline of a particle only exists for a finite time then clearly something has
gone seriously wrong. Mathematically this is called geodesic incompleteness.
A spacetime which is a solution of the Einstein equations is said to be singular
if it is timelike or null geodesically incomplete. Informally we say in this case
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that the spacetime ‘contains a singularity’ but the definition does not include
a description of what a ‘singularity’ or ‘singular point’ is. There have been
attempts to define ideal points which could be added to spacetime to define a
mathematical boundary representing singularities but these have had limited
success.
When working practically with solutions of the Einstein equations it is
necessary to choose coordinates or other similar auxiliary objects in order
to have a concrete description. In general relativity we are free to use any
coordinate system and this leads to a problem when considering singularities.
Suppose that a metric written in coordinates is such that the components
of the metric become infinite as certain values of the coordinates are ap-
proached. This could be a sign that there is a spacetime singularity but it
could also simply mean that those coordinates break down at some points
of a perfectly regular solution. This might be confirmed by transforming
to new coordinates where the metric components have a regular extension
through the apparent singularities. A way of detecting singularities within a
coordinate system is to find that curvature invariants become infinite. These
are scalar quantities which measure the curvature of spacetime and if they
become infinite this is a sure sign that a region of spacetime cannot be ex-
tended. It is still not completely clear what is happening since the singular
values of the coordinates might correspond to singular behaviour in the sense
of geodesic incompleteness or they might be infinitely far away.
A breakthrough in the understanding of spacetime singularities was the
singularity theorem of Penrose [39] which identified general conditions under
which a spacetime must be geodesically incomplete. This was then general-
ized to other situations by Hawking and others. The singularity theorems
are proved by contradiction. Their strength is that the hypotheses required
are very general and their weakness is that they give very little information
about what actually happens dynamically. If the wordline of a particle ceases
to exist after finite proper time then it is reasonable to ask for an explana-
tion, why the particle ceased to exist. It is to be expected that some extreme
physical conditions play a role. For instance, the matter density or the cur-
vature, representing tidal forces acting on the particle, becomes unboundely
large. From this point of view one would like to know that curvature in-
variants become unbounded along the incomplete timelike or null geodesics.
The singularity theorems give no information on this question which is that
of the nature of spacetime singularities. The purpose of the following is to
explain what is known about this difficult question.
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The hypotheses of the singularity theorems do not include very stringent
assumptions about the matter content of spacetime. All that is needed are
certain inequalities on the energy-momentum tensor Tαβ , the energy condi-
tions [31]. Let V α and W α be arbitrary future pointing timelike vectors. The
dominant energy condition is that TαβV
αW β ≥ 0. The strong energy condi-
tion is, provided the cosmological constant is zero, equivalent to the condition
that RαβV
αV β ≥ 0 where Rαβ is the Ricci tensor. The weak energy condition
is that TαβV
αV β ≥ 0. The weak energy condition has the simple physical
interpretation that the energy density of matter is non-negative in any frame
of reference. The vector V α is the four-velocity of an observer at rest in that
frame of reference. It is not reasonable to expect that the nature of space-
time singularities can be determined on the basis of energy conditions alone
- more detailed assumptions on the matter content are necessary.
It follows from the above discussion that spacetime singularities should
be associated with reaching the limits of the physical validity of general
relativity. Quantum effects can be expected to come in. If this is so then to
go further the theory should be replaced by some kind of theory of quantum
gravity. Up to now we have no definitive theory of this kind and so it is not
clear how to proceed. The strategy to be discussed in the following is to work
entirely within classical general relativity and see what can be discovered. It
is to be hoped that this will provide useful input for the future investigation
of singularities within a more general context. The existing attempts to
study the question of singularities within different approaches to quantum
gravity, including the popular idea that quantum gravity should eliminate
the singularities of classical general relativity, will not be discussed here. For
a discussion of one direction where progress is being made, see the article of
M. Bojowald in this volume.
A key question about singularities in general relativity is whether they are
a disaster for the theory. If a singularity can be formed and then influence the
evolution of spacetime then this means a breakdown of predictability for the
theory. For we cannot (at least within the classical theory) predict anything
about the influence a singularity will have. A singularity which can causally
influence parts of spacetime is called a naked singularity. It is important for
the predictive power of general relativity that naked singularities be ruled
out. This has been formulated more precisely by Penrose as the cosmic
censorship hypothesis [40], [41]. In fact there are two variants of this, weak
and strong cosmic censorhip. Despite the names neither of these implies the
other [54]. Proving the cosmic censorship hypothesis is one of the central
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mathematical problems of general relativity. In fact the task of finding the
right formulation of the conjecture is already a delicate one. It is necessary
to make a genericity assumption and to restrict the matter fields allowed.
More details on this are given in later sections.
One of the most important kinds of singularity in general relativity is the
initial cosmological singularity, the big bang. The structure of cosmological
singularities is the subject of section 2. Another important kind of singularity
is that inside black holes. The recent evolution of ideas about the internal
structure of black holes is discussed in section 3. An important complication
in the study of singularities resulting from the properties of gravity is that
they may be obscured by singularities due to the description of matter. This
is the theme of section 4. In section 5 singularities are discussed which
arise at the threshhold of black hole formation and which are still quite
mysterious. Section 6 takes a cautious look at the future of research on
spacetime singularities.
2 Cosmological singularities
The simplest cosmological models are those which are homogeneous and
isotropic, the FLRW (Friedmann-Lemaˆitre-Robertson-Walker) models with
some suitable choice of matter model such as a perfect fluid. In this context
it is seen that the energy density blows up at some time in the past. An
early question was whether this singularity might be an artefact of the high
symmetry. The intuitive idea is that if matter collapses in such a way that
particles are aimed so as to all end up at the same place at the same time
there will be a singularity. On the other hand if this situation is perturbed so
that the particles miss each other the singularity might be removed. On the
basis of heuristic arguments, Lifshitz and Khalatnikov [34] suggested that for
a generic perturbation of a FLRW model there would be no singularity. We
now know this to be incorrect. This work nevertheless led to a very valuable
development of ideas in the work of Belinskii, Khalatnikov and Lifshitz [7],
[8] which is one of the main sources for our present picture of cosmological
singularities.
What was the problem with the original analysis? An ansatz was made
for the form of the metric near the singularity and it was investigated how
many free functions can be accomodated in a certain formal expansion. It
was found that there was one function less than there is in the general so-
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lution of the Einstein equations. It was concluded that the most general
solution could not have a singularity. This shows us something about the
strengths and weaknesses of heuristic arguments. These are limited by the
range of possibilities that have occurred to those producing the heuristics.
Nevertheless they may, in expert hands, be the most efficient way of getting
nearer to the truth.
It was the singularity theorems, particularly the Hawking singularity the-
orem, which provided convincing evidence that cosmological singularities do
occur for very large classes of initial data. In particular they showed that
the presence of a singularity (in the sense of geodesic incompleteness) is a
stable property under small perturbations of the FLRW model. Thus a rig-
orous mathematical theorem led to progress in our understanding of physics.
The use of mathematical theorems is very appropriate because the phenom-
ena being discussed are very far from most of our experience of the physical
world and so relying on physical intuition alone is dangerous.
The singularity theorems give almost no information on the nature of the
singularities. In order to go further it makes sense to attempt to combine
rigorous mathematics, heuristic arguments and numerical calculations and
this has led to considerable progress.
The picture developed by Belinskii, Khalatnikov and Lifshitz (BKL) has
several important elements. These are:
• Near the singularity the evolution of the geometry at different spatial
points decouples so that the solutions of the partial differential equa-
tions can be approximated by solutions of ordinary differential equa-
tions.
• For most types of matter the effect of the matter fields on the dynamics
of the geometry becomes negligible near the singularity
• The ordinary differential equations which describe the asymptotics are
those which come from a class of spatially homogeneous solutions which
constitute the mixmaster model. General solutions of these equations
show complicated oscillatory behaviour near the singularity.
The first point is very surprising but a variety of analytical and numerical
studies appear to support its validity. The extent to which the above points
have been confirmed will now be discussed.
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The mixmaster model is described by ordinary differential equations and
so it is a huge simplification compared to the full problem. Nevertheless even
ordinary differential equations can be very difficult to analyse. The solutions
show complicated behaviour in the approach to the singularity and this is
often called chaotic. This description is somewhat problematic since many
of the usual concepts for defining chaos are not applicable. This point will
not be discussed further here. For many years the oscillations in solutions
of the mixmaster model were studied by heuristic and numerical techniques.
This led to a consistent picture but turning this picture into mathemati-
cal theorems was an elusive goal. Finally this was achieved in the work of
Ringstro¨m [49] so that the fundamental properties of the mixmaster model
are now mathematically established.
With the mixmaster model under control, the next obvious step in con-
firming the BKL picture would be to show that it serves as a template for
the behaviour of general solutions near the singularity. The work of BKL did
this on a heuristic level. Attempts to recover their conclusions in numerical
calculations culminated in the work of Garfinkle [30]. Previously numeri-
cal investigations of the question had been done under various symmetry
assumptions. Solutions without symmetry were handled for the first time
in [30]. On the analytical side things do not look so good. There is not a
single case with both inhomogeneity and mixmaster oscillations which has
been analysed rigorously and this represents an outstanding challenge. One
possible reason why it is so difficult will be described below.
One of the parts of the BKL picture contains the qualification ‘for most
types of matter’. There are exceptional types of matter where things are
different. A simple example is a massless linear scalar field. It was already
shown in [6] that in the presence of a scalar field the BKL analysis leads to
different conclusions. It is still true that the dynamics at different spatial
points decouples but the evolution is such that important physical quanti-
ties are ultimately monotone instead of being oscillatory as the singularity
is approached. In this case it has been possible to obtain a mathematical
confirmation of the BKL picture. In [2] it was shown that there are solu-
tions of the Einstein equations coupled to a scalar field which depend on the
maximal number of free functions and which have the asymptotic behaviour
near the singularity predicted by the BKL picture.
As a side remark, note that in many string theory models there is a
scalar field, the dilaton, which might kill mixmaster oscillations. Also, a
BKL analysis of the vacuum Einstein equations in higher dimensions shows
that the oscillations of generic solutions vanish when the spacetime dimension
is at least eleven [27] and string theory leads to the consideration of models of
dimension greater than four. So could mixmaster oscillations be eliminated in
low energy string theory? An investigation in [25] shows that they are not.
The simplifying effect of the dilaton and the high dimension is prevented
by other form fields occurring in string theory. With certain values of the
coupling constants in field theories of the type coming up in low energy string
theory there is monotone behaviour near the singularity and theorems can
be proved [26]. However the work of [25] shows that these do not include the
values of the coupling constants coming from the string theories which are
now standard.
A feature which makes oscillations so difficult to handle is that they are
in general accompanied by large spatial gradients. Consider some physical
quantity f(t, x) in the BKL picture in a case without oscillations. Then it
is typical that quantities like ∂if/f , where the derivatives are spatial deriva-
tives, remain bounded near the singularity. However it can happen that this
is only true for most spatial points and that there are exceptional spatial
points where it fails. In a situation of mixmaster type where there are in-
finitely many oscillations as the singularity is approached the BKL picture
predicts that there will be more and more exceptional points without limit as
the singularity is approached. It has even been suggested by Belinskii that
this shows that the original BKL assumptions are not self-consistent [5]. In
any case, it seems that the question, in what sense the BKL picture provides
a description of cosmological singularities, is a subtle one.
Large spatial gradients can also occur in solutions where the evolution
is monotone near the singularity. It can happen that before the monotone
stage is reached there are finitely many oscillations and that these produce a
finite number of exceptional points. In the context of Gowdy spacetimes this
has been shown rather explicitly. The features with large spatial gradients
(spikes) were discovered in numerical work [9] and later captured analytically
[48]. This allowed the behaviour of the curvature near the singularity to be
determined.
An important issue to be investigated concerning cosmological singulari-
ties is that of cosmic censorship. In this context it is strong cosmic censorship
which is of relevance and a convenient mathematical formulation in terms of
the initial value problem has been given by Eardley and Moncrief [37]. To
any initial data set for the Einstein equations there exists a corresponding
maximal Cauchy development. (For background on the initial value prob-
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lem for the Einstein equations see [29].) The condition that a spacetime is
uniquely determined by initial data is global hyperbolicity. The maximal
Cauchy development is in a well-defined sense the largest globally hyperbolic
spacetime with the chosen initial data. It may happen that the maximal
Cauchy development can be extended to a larger spacetime, which is then of
course no longer globally hyperbolic. The boundary of the initial spacetime
in the extension is called the Cauchy horizon. The extended spacetime can no
longer be uniquely specified by initial data and this corresponds physically to
a breakdown of predictability. A famous example where this happens is the
Taub-NUT spacetime [31]. This is a highly symmetric solution of the Ein-
stein vacuum equations. The extension which is no longer globally hyperbolic
contains closed timelike curves.
How can the existence of the Taub-NUT and similar spacetimes be recon-
ciled with strong cosmic censorship? A way to do this would be to show that
this behaviour only occurs for exceptional initial data and that for generic
data the maximal globally hyperbolic development is inextendible. This has
up to now only been achieved in the simplified context of classes of space-
times with symmetry. These classes of spacetimes are not generic and so
they do not directly say anything about cosmic censorship. However they
provide model problems where more can be learned about the conceptual
and technical issues which arise in trying to prove cosmic censorship. This
kind of restricted cosmic censorship has been shown for many spatially ho-
mogeneous spacetimes in [20] and [45] and for plane symmetric solutions
of the Einstein equations coupled to a massless scalar field [53]. The most
general, and most remarkable, result of this kind up to now is the proof by
Ringstro¨m [51] of strong cosmic censorship restricted to the class of Gowdy
spacetimes. He shows that all the solutions in this class of inhomogeneous
vacuum spacetimes with symmetry are geodesically complete in the future
[50] and that for generic initial data the Kretschmann scalar RαβγδRαβγδ
tends to infinity uniformly as the singularity is approached. Major difficul-
ties in doing this are the fact that there do exist spacetimes in this class
where the maximal Cauchy development is extendible and that spikes lead
to great technical complications. Roughly speaking, Ringstro¨m shows under
a genericity assumption that the most complicated thing that can happen in
the approach to the singularity is that there are finitely many spikes of the
kind constructed in [48].
Another kind of partial result is to show that an expanding cosmological
spacetime is future geodesically complete. This can be interpreted as saying
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that any singularities must lie in the past. There is up to now just one exam-
ple of this for spacetimes not required to satisfy any symmetry assumptions.
This is the work of Andersson and Moncrief [1] where they show that any
small but finite vacuum perturbation of the initial data for the Milne model
has a maximal Cauchy development which is future geodesically complete.
Already in the class of homogeneous and isotropic spacetimes there are
models with an initial singularity which recollapse and have a second singu-
larity in the future. Not much is known about general criteria for recollapse.
The closed universe recollapse conjecture [4] says that any spacetime with a
certain type of topology (admitting a metric of positive scalar curvature) and
satisfying the dominant and strong energy conditions must recollapse. No
counterexample is known but the conjecture has only been proved in cases
with high symmetry [13], [14].
3 Black hole singularities
One of the most famous singular solutions of the Einstein equations is the
Schwarzschild solution representing a spherical black hole. There is a singu-
larity inside the black hole where the Kretschmann scalar diverges uniformly.
It looks very much like a cosmological singularity. The singularity is not
visible to far away observers. The points of spacetime from which no future-
directed causal geodesic can escape to infinity constitute by definition the
black hole region and its boundary is the event horizon. The situation in the
Schwarzschild solution can be described informally by saying that the singu-
larity is covered by an event horizon. The idea of weak cosmic censorship,
a concept which will not be precisely defined here, is that any singularity
which arises in gravitational collapse is covered by an event horizon. For
more details see [54], [17].
The central question which is to be answered is what properties of the
Schwarzschild solution are preserved under perturbations of the initial data.
Christodoulou has studied the spherical gravitational collapse of a scalar
field in great detail [18]. Among his results are the following. There are
initial data leading to the formation of naked singularities but for generic
initial data this does not happen. The structure of the singularity has been
analysed and it shows strong similarities to the Schwarzschild case.
A key concept in the Penrose singularity theorem is that of a trapped
surface. It has been shown by Dafermos [22] that some of the results of
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Christodoulou can be extended to much more general spherically symmetric
spacetimes under the assumptions that there exists at least one trapped sur-
face and that the matter fields present are well-behaved in a certain sense.
They should not form singularities outside the black hole region. This condi-
tion on the matter fields was verified for collisionless matter in [24]. The fact
that it is satisfied for certain non-linear scalar fields led to valuable insights
in the discussion of the formation of naked singularities in a class of models
motivated by string theory [32], [23].
When the Schwarzschild solution is generalized to include charge or rota-
tion the picture changes dramatically. In the relevant solutions, the Reissner-
Nordstro¨m and Kerr solutions, the Schwarzschild singularity is replaced by a
Cauchy horizon. At one time it was hoped that this was an artefact of high
symmetry and that a further perturbation would turn it back into a curva-
ture singularity. There was also a suggested mechanism for this, namely that
radiation coming from the outside would undergo an unlimited blue shift as
it approached the potential Cauchy horizon. Things turned out to be more
complicated, as discovered by Poisson and Israel [42].
The new picture in [42] for a perturbed charged black hole was that
the Cauchy horizon, where the metric is smooth, would be replaced by a
null hypersurface where, although the metric remains continuous and non-
degenerate, the curvature blows up. They called this a weak null singularity.
The heuristic work of [42] was followed up by numerical work [33] and was
finally turned into rigorous mathematics by Dafermos [21]. Perhaps the
greatest significance of this work on charged black holes is its role as a model
for rotating black holes. For the more difficult case of rotation much less
is known although there is some heuristic analysis [38]. At this point it is
appropriate to make a comment on heuristic work which follows on from
remarks in the last section. For several years it was believed, on the basis
of a heuristic analysis in [36], that a positive cosmological constant would
stabilize the Reissner-Nordstro¨m Cauchy horizon. This turned out, however,
to be another case where not all relevant mechanisms had been thought of.
In a later heuristic analysis [11] it was pointed out that there is another
instability mechanism at work which reverses the conclusion.
The case of weak null singularities draws attention to an ambiguity in the
definition of strong cosmic censorship. The formulation uses the concept of
extension of a spacetime. To have a precise statement is must be specified
how smooth a geometry must be in order to count as an extension. This may
seem at first sight like hair splitting but in the case of weak null singularities
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the answer to the question of strong cosmic censorship is quite different
depending on whether the extension is required to be merely continuous
or continuously differentiable. A related question is whether the extension
should be required to satisfy the Einstein equations in some sense.
A question which does not seem to have been investigated is that of the
consistency of weak null singularities with the BKL picture. It is typical to
study black holes in the context of isolated systems. In reality we expect
that black holes form in cosmological models which expand for ever. Do
such ’cosmological black holes’ show the same features in their interior as
asymptotically flat ones? If so then this would indicate the existence of
large classes of cosmological models whose singularities do not fit into the
BKL picture. (It was never claimed that this picture must apply to all
cosmological singularities.) A major difficulty in investigating this issue is
that the class of solutions of the Einstein equations of interest does not seem
to be consistent with any symmetry assumptions. A related question is that
of the relationship between weak cosmic censorship, which is formulated in
asymptotically flat spacetimes, and strong cosmic censorship, which makes
sense in a cosmological context.
There are important results showing that no black holes form under cer-
tain circumstances. In the fundamental work of Christodoulou and Klainer-
man [19] it was shown that small asymptotically flat data for the Einstein
vacuum equations lead to geodesically complete spacetimes. See also [35].
4 Shells and shocks
A serious obstacle to determining the structure of spacetime singularites is
that many common matter models develop singularities in flat space. This is
in particular the case for matter models which are phenomenological rather
than coming directly from fundamental physics. These matter models, when
coupled to the Einstein equations, must be expected to lead to singularities
which have little to do with gravitation which we may call matter singulari-
ties. These singularities are just a nuisance when we want to study spacetime
singularities as fundamental properties of Einstein gravity.
There has been much study of the Einstein equations coupled to dust.
It is not clear that they teach us much. In flat space dust forms shell-
crossing singularities where a finite mass of dust particles end up at the
same place at the same time. The density blows up there. In curved space
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this leads to naked singularities [55]. These occur away from the centre
in spherical symmetry. Finite time breakdown of self-gravitating dust can
also be observed in cosmological spacetimes [46]. This shows the need for
restricting the class of matter considered if a correct formulation of cosmic
censorship is to be found. In a more realistic perfect fluid the pressure would
be expected to eliminate these singularities. On the other hand it is to be
expected that shocks form, as is well-known in flat space. The breakdown of
smoothness in self-gravitating fluids with pressure was proved in [47]. At this
point we must once again confront the question of what is a valid extension.
In some cases solutions with fluid may be extended beyond the time when
the classical solution breaks down [3]. The extended solution is such that
the basic fluid variables are bounded but their first derivatives are not. The
uniqueness of these solutions in terms of their initial data is not known but
uniqueness results have recently been obtained in the flat space case [12].
A matter model which is better behaved than a fluid is collisionless matter
described by the Vlasov equation. It forms no singularities in flat space and
there are various cases known where self-gravitating collisionless matter can
be proved to form no singularities. For instance this is the case for small
spherically symmetric asymptotically flat initial data [43]. There is no case
known where collisionless matter does form a matter singularity. Also in
spherical symmetry it never forms a singularity away from the centre so that
the analogue of shell-crossing singularities is ruled out [44]. In view of the
investigations up to now collisionless matter seems to be as well-behaved as
vacuum with respect to the formation of singularities.
5 Critical collapse
Evidence for a new kind of singularity in gravitational collapse was discovered
by Choptuik [16]. His original work concerned the spherically symmetric col-
lapse of a massless scalar field but it has been extended in many directions
since then. The basic idea is as follows. For small initial data the corre-
sponding solution disperses leaving behind flat space. For very large data a
black hole is formed. If a one-parameter family of data is taken interpolating
between these two extreme cases what happens to the evolutions for interme-
diate values of the parameter? It is found that there is a unique parameter
value (the critical value) separating the two regimes and that near the critical
value the solutions show interesting, more or less universal, behaviour. The
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study of these phenomena is now known under the name of critical collapse.
Most of the work which has been done on critical collapse is numerical.
There is a heuristic picture involving dynamical systems which is useful in
predicting certain features of the results of numerical calculations. Up to
now there are no rigorous results on critical phenomena. It is interesting to
note that at least some of the features of critical collapse are not unique to
gravity and may be seen in many systems of partial differential equations
[10].
The results on critical collapse indicate the occurrence of a class of naked
singularities arising from non-generic initial data which are qualitatively dif-
ferent from those discussed above. They represent an additional technical
hurdle in any attempt to prove cosmic censorship in general.
6 Conclusion
In recent years it has been possible to go beyond the classical results on
spacetime singularities contained in the singularity theorems of Penrose and
Hawking and close in on the question of the nature of these singularities in
various ways. In the case of cosmological singularities a key influence has
been exerted by the picture of Belinskii, Khalatnikov and Lifshitz (BKL). In
the case of black hole singularities the old idea that they should be similar
to cosmological singularities has been replaced by the new paradigm of weak
null singularities due to Poisson and Israel. A new kind of singularity has
emerged in the work of Choptuik on critical collapse. It remains to be seen
whether the Einstein equations have further types of singularities in store for
us.
New things can happen if we go beyond the usual framework of the singu-
larity theorems. The cosmological acceleration which is now well-established
by astronomical observations corresponds on the theoretical level to a vio-
lation of the strong energy condition and suggests that a reworking of the
singularity theorems in a more general context is necessary. Exotic types
of matter which have been introduced to model accelerated cosmological ex-
pansion go even further and violate the dominant energy condition. This can
lead to a cosmological model running into a singularity when still expanding
[52]. This is known as a ’big rip’ singularity [15] since physical systems are
ripped apart in finite time as the singularity is approached. The study of
these matters is still in a state of flux.
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Returning to the more conventional setting where the dominant energy
condition is satisfied, we can ask what the future holds for the study of
spacetime singularities in classical general relativity. A fundamental fact is
that our understanding is still very incomplete. Two developments promise
improvements. The first is that the steady increase in computing power and
improvement of numerical techniques means that numerical relativity should
have big contributions to make. The second is that advances in the theory
of hyperbolic partial differential equations are providing the tools needed
to make further progress with the mathematical theory of solutions of the
Einstein equations. As illustrated by the examples of past successes surveyed
in this paper the numerical and mathematical approaches can complement
each other very effectively.
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